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3 $R^{3}$ $M_{1},$ $M_{2}\subset R^{3}$
Bonnet , $M_{1}=M_{2}$ ( ) $M_{1}$ $M_{2}$
.
2 , $M_{1}=M_{2}$ ( ) $H_{1}=H_{2}$ (
) 2 .
Bonnet . Bonnet , Bonnet
, . 1867 O. Bonnet [3]
, [8] ,
Cartan [4] . Cartan A. BobenkO-U.
Eitner[2]( .
, Bonnet , .
, A. BobenkO-U. Eitner [2] Bonnet 1-
. Bonnet
Kamberov, Pe $\mathrm{t}$ Pinkall[11] .
Bonnet
. O. Bonnet[3] . $M$
2 , $M$ $R^{3}$ $X(u, v)$ : $Marrow R^{3}$




$I_{X}$ $=$ $dX\cdot dX=Edu^{2}+2Fdudv+Gdv^{2}$
$II_{X}$ $=$ $-dX\cdot dn=Ldu^{2}+2Mdudv+Ndv^{2}$
”. ” $R^{3}$ . $I_{X}$ $II_{X}$ .
$K$ $I_{X}$ :
$K=- \frac{LN-M^{2}}{EG-F^{2}}$
$L,$ $M,$ $N$ 1 :
$\frac{\partial L}{\partial v}-\frac{\partial M}{\partial u}$ $=$ $\phi(E, F, G ; L, M, N)$
$\frac{\partial N}{\partial u}-\frac{\partial M}{\partial v}$ $=$ $\psi(E, F, G ; L, M, N)$
(
.)
. 2 $(M, ds^{2})$ $M$
2 $II$ $ds^{2}$ 2 $II$
. $(M, ds^{2})$




. Bonnet $M\subset R^{3}$
$B(M)=\{\tilde{M}\subset R^{3}$ : M\tilde =M( ), H\tilde =H( )}/\sim ,
( $\sim$ $R^{3}$ ) .
1(Bonnet, 1867 [3]) 1. $B(M)$ T 2
$M$ .
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Bonnet 75 E. Cartan 1942
. Cartan Bonnet , $2(b)$
$2(c)$
. ( .) Cartan
( )
.
2(E. Cartan, 1942 [4]) $M\subset R^{3}$ $M$
1- $\{M_{\tau}\}$ . $M$
$H$ . $M$ $(t, *)$
$M$ $t$ $H=H(t)$ $H(t)$ 3
$( \frac{H’’}{H’})’-H’=|Q|^{2}(2-\frac{H^{2}}{H},$ $)$ , (1)
$Q$ $M$ Hopf 2
:
1. $|Q_{A}|^{2}= \frac{4}{\sin^{2}(2t)}$ ’
2. $|Q_{B}|^{2}= \frac{4}{\sinh^{2}(2t)}$ ’
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3. $|Q_{C}|^{2}= \frac{1}{t^{2}}$ .
$H$- (1) $H$- (2)
$H$ - (3) H- .
$M$ $H$ 1 3 (1)
1897 Hazzidakis [8] . Hazz-
idakis 2
. Cartan




[4] $\text{ }$ : Une \’etude des singularit\’es des \’equations






Cartan Laws0n-]1ibuzy (1981) [15], S. S. Chern (1985) [5], I. Rous-
sos (1987) [16], Colares-Kenmotsu (1989) [6], K. Kenmotsu [12], [13], [14],
Umehara (1990) [17] (1) Cartan
BobenkO-Eitner(1998)[2] .
Bobenko-Eitner [2] 1 (1)
$\mathrm{V}$ $\mathrm{V}\mathrm{I}$
. .








BobenkO-Eitner (1998) [2] : $\mathcal{R}$ $z=x+iy\in \mathcal{R}$
$\mathcal{R}$ $F:\mathcal{R}arrow R^{3}$
$(F_{z}, F_{z})=(F_{\overline{z}}, F_{\overline{z}})=0$ , $(F_{z}, F_{\overline{z}})= \frac{1}{2}e^{u}$




$I_{F}$ $=$ $(dF, dF)=e^{u}dzd\overline{z}$ (2)
$II_{F}$ $=$ $-(dF, dn)=Qdz^{2}+He^{u}dzd\overline{z}+\overline{Q}d\overline{z}^{2}$ , (3)
$Q=(F_{zz}, n)$ $F$ Hopf $H$ $F$
.
$\mathcal{R}$
$e^{u},$ $H$ $\mathcal{R}$ 2 $Q$ (2) (3) $F:\mathcal{R}arrow R^{3}$
. Hopf $Q$
$H$ .
$u_{z\overline{z}}+ \frac{H^{2}}{2}e^{u}-2|Q|^{2}e^{-u}=0$ ( )
$\overline{Q}_{z}=\frac{1}{2}H_{\overline{z}}e^{u}$ ( )
. $e^{u}$ $H$ $Q$
2 $|Q|^{2}$ . $Q$
.
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BobenkO-Eitner [2] $R^{3}$ $\mathrm{H}$ . $\{1, \mathrm{i},\mathrm{j}, \mathrm{k}\}$
$\mathrm{H}$
.
$=(\begin{array}{ll}0 -i-i 0\end{array})$ , $\cdot=(\begin{array}{l}0-101\end{array})$ , $\mathrm{k}=(\begin{array}{ll}-i 00 i\end{array})$ , $1=(\begin{array}{ll}1 00 1\end{array})$
$2\cross 2$- . $R^{3}$ 4
$SU(2)$ $su(2)$ :
$R^{3}=Im\mathrm{H}=su(2)=span\{\mathrm{i}J \mathrm{k}\}$
$X=(x_{1},x_{2}, x_{3})^{t}=x_{1}\mathrm{i}+x_{2}\mathrm{j}+x_{3}\mathrm{k}\in su(2)$ .
$R^{3}$ $(, )$
$(X, \mathrm{Y})=-\frac{1}{2}tr(XY)$ $(X, \mathrm{Y}\in su(2))$
. $\Phi=\Phi(x, y)\in SU(2)$
$e^{-\frac{u}{2}}F_{x}=\Phi^{-1}\mathrm{i}\Phi$ , $e^{-\frac{u}{2}}F_{y}=\Phi^{-1}\mathrm{j}\Phi$ , $n=\Phi^{-1}\mathrm{k}\Phi$
. $F$ $F_{xy}=F_{yx}$
$\Phi_{z}\Phi^{-1}=\frac{1}{4}(\begin{array}{ll}u_{z} -4Qe^{-\frac{u}{2}}2He^{\frac{u}{2}} -u_{z}\end{array})$ , $\Phi_{\overline{z}}\Phi^{-1}=\frac{1}{4}(\begin{array}{ll}u_{\overline{z}} -2He^{u}\pi 4\overline{Q}e^{-\frac{u}{2}} -u_{\overline{z}}\end{array})$ (4)
[1].
2 $R^{3}$ $F:\mathcal{R}arrow R^{3}$ .
1 $2(c)$ $F_{\tau}$ : $\mathcal{R}arrow R^{3}$ $F(=F_{0})$
1- $F$ .
$F_{\tau}$ [17] $F$ $H$- . $F_{\tau}$ – $\text{ }$
$H,$ $H’,$ $z$ . $H$ $F$ H-
$\{F_{\tau}\}$ $F$ associated family
.
$H\neq \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ . Cartan 3 .
$\mathcal{R}$ ( $*$ )
$F:\mathcal{R}arrow R^{3}$ $t$
$( \frac{H’’}{H’})’-H’=\frac{1}{t^{2}}(2-\frac{H’’}{H},$ $)$ (5)
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. BobenkO-Eitner [2] $t$
$\lambda$ ( $\lambda$)
(4) .
$\Phi_{\lambda}(t, \lambda)\Phi^{-1}(t, \lambda)=t$ +e- t $(\mathrm{X}^{\frac{01}{-1}}$ $\frac{1}{0\lambda})$
$\Phi_{t}(t, \lambda)\Phi^{-1}(t, \lambda)=\lambda(\phi(t)a(t)$ $-a(t) \phi(t))+(-_{2}^{t}\frac{a}{0}\Omega$ $-\phi(t)a_{2}\Delta^{t})$ , (6)
$a(t),$ $\phi(t),$ $u(t)$ :
$a(t)$ $=$ $\frac{u’(t)}{2}=-\frac{1}{t}-\frac{H’’(t)}{2H’(t)}$ ,
$\phi(t)$ $=$ $\frac{H(t)+tH’(t)}{2}$e ,
e- $=$ $t\sqrt{-\frac{H’(t)}{2}}$.
.
3( (1981) [10]) 2 $\cross 2$ - $\Phi=\Phi(t, \lambda)$
$\Phi_{\lambda}\Phi^{-1}$ $=tA(t)+ \frac{1}{\lambda}A_{0}(t)+\frac{1}{\lambda-1}A_{1}(t)$




$y”(t)$ $=$ $( \frac{1}{2y(t)}+\frac{1}{y(t)-1})y(t)^{2}-\frac{y’(t)}{t}+\frac{(y(t)-1)^{2}}{t^{2}}(\alpha y(t)+\frac{\beta}{y(t)})$
$+ \frac{\gamma y(t)}{t}+\frac{\delta y(t)(y(t)+1)}{y(t)-1}$
$A(t),$ $A_{0}(t),$ $A_{1}(t),$ $C(t)$
$y(t)$ $\alpha,$ $\beta,$ $\gamma,$ $\delta$ $A(t),$ $A_{0}(t),$ $A_{1}(t)$
.
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.4(BobenkO-Eitner, 1998 [2]) 2 (3) H-
.
(1), (2) $\mathrm{V}\mathrm{I}$ .
. Cartan [4], BobenkO-Eitner
[2] ?Cartan








Hitchin [9] :posed by H. B. Lawson
30 years ago: is the Cliflord torus the only minimal embedded torus in $S^{3}$ ?
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